In this talk, we review our recent work on direct evaluation of tree-level MHV amplitudes by Cachazo-He-Yuan (CHY) formula. We also investigate the correspondence between solutions to scattering equations and amplitudes in four dimensions along this line. By substituting the MHV solution of scattering equations into the integrated CHY formula, we explicitly calculate the tree-level MHV amplitudes for four dimensional Yang-Mills theory and gravity. These results naturally reproduce the Parke-Taylor and Hodges formulas. In addition, we derive a new compact formula for tree-level single-trace MHV amplitudes in Einstein-Yang-Mills theory, which is equivalent to the known Selivanov-Bern-De Freitas-Wong (SBDW) formula. Other solutions do not contribute to the MHV amplitudes in Yang-Mills theory, gravity and Einstein-Yang-Mills theory. We further investigate the correspondence between solutions of scattering equation and helicity configurations beyond MHV and proposed a method for characterizing solutions of scattering equations.
Introduction
The Cachazo-He-Yuan (CHY) formula [1, 2, 3, 4 ] is a highly compact one for scattering amplitudes. Compared to Feynman diagrams, the CHY formula may reveal more hidden simplicities of quantum field theory. It has been proposed to exist in many theories including Yang-Mills theory, gravity and Einstein-Yang-Mills theory. The formalism states that n-point tree-level massless amplitudes A n in arbitrary dimensions can be expressed as 
Deleting arbitrary three rows (i, j, k) and columns (p, q, r) from Φ ab , we get a (n − 3)
Actually, det ′ (Φ) is independent of the choice of (i, j, k) and (p, q, r) [2] . The solutions of scattering equation (1.2) play as a critical role in understanding the integrated CHY formula (1.1). In four dimensions, there are two special solutions [8, 9] 5) where the arbitrary projective spinors η, θ and ξ encode the Möbius freedom in the solutions. It was conjectured [9] that only the special solution {σ a } 1 (or {σ a }) contributes to the maximallyhelicity-violating (MHV) (or MHV) amplitudes in Yang-Mills theory and gravity. In this talk, we review direct evaluation of tree amplitudes using the CHY formula (1.1) in four dimensions. By plugging the MHV solution {σ a } into the CHY formula, we derive the well known Parke-Taylor [5] and Hodges formulas [6] in Yang-Mills theory and gravity. We also derive a new compact formula for tree-level single-trace MHV amplitudes which is equivalent to SelivanovBern-De Freitas-Wong (SBDW) formula [7] . Thus the correspondence between the special solution {σ a } and MHV amplitudes in Yang-Mills theory, gravity and Einstein-Yang-Mills (EYM) theory are explicitly proved. The general correspondence between solutions to scattering equations and amplitudes beyond MHV in four dimensions are further discussed.
Direct evaluation of MHV amplitudes in Yang-Mills theory and gravity by CHY
To establish the correspondence between the special solution {σ a } and MHV amplitudes, we start from the following CHY integrands for Yang-Mills theory and gravity
color-ordered Yang-Mills amplitudes,
where we use {k} to denote the set of external momenta and {ε} (both {ε} and { ε}) the set of polarizations of external gluons (gravitons). The 2n × 2n antisymmetric matrix Ψ and the reduced Pfaffian are defined by
where the blocks are
The upper half part of Ψ, (A, −C T ), has two null vectors such that we need to delete two rows and columns in the first n rows and columns to obtain a nonzero Pfaffian. The reduced Pfaffian is independent of the choice of (i, j) and is permutation invariant. The Parke-Taylor like factor (ω 12 ω 23 . . . ω n1 ) −1 in (2.1) encodes permutation of gluons. For the MHV Yang-Mills amplitude with the two negative helicity gluons at x and y, we choose the gauge of external polarizations as follows
for convenience. The reduced Pfaffians are independent of the choice of gauge [1, 2, 3] . For gravity amplitudes, we choose ε
. Now we substitute the special solution {σ a } into the reduced Pfaffian (2.2), the reduced determinant (1.4) and the Parke-Taylor like factor. Using elementary transformations, we prove the following identities [10] Pf
is Hodges' reduced amplitudes (see [6] ), which is gauge invariance and defined bȳ
where the definition of φ ab matrix is
Plugging (2.5) into (2.1) and then the integrated CHY formula (1.1), we immediately get 2
which are respectively the well known Parke-Taylor formula and the Hodges formula. We prove that the other special solution {σ a } does not contribute to MHV amplitudes [10] . In our following works, we prove that other solutions do not contribute to MHV amplitudes [11, 12] . Thus the correspondence between the special solution {σ a } and the MHV amplitudes in Yang-Mills theory and gravity has been proved.
Direct evaluation of single-trace MHV amplitudes in Einstein-Yang-Mills by CHY formula
In this section, we review our discussion of the color-ordered single-trace MHV amplitudes at tree level in EYM theory. The color-ordered EYM amplitude is characterized by the number of gravitons s and gluons r, with s + r = n. At tree level, a single-trace color-ordered amplitude depends on permutations of external gluons (as the color-ordered pure Yang-Mills amplitudes), but not that of external gravitons (as the pure gravity amplitudes). We use h and g to denote the sets of gravitons and gluons respectively. The set of all external particles thus is given by p = h ∪ g = {1, 2, . . . , n}. We use the following convention:
We will also use the sets of + and − helicity gravitons h ± , gluons g ± and p ± = h ± ∪ g ± . The orders of these sets are denoted as n = |p|, s = |h| and r = |g|. The CHY integrand for single-trace tree amplitude in EYM is given by [4]
where Φ and Ψ are already given by (1.3) and (2.2) respectively, the same as in Yang-Mills case.
The Ψ h is an 2s × 2s matrix and given by:
Here A h , B h and C h are s × s dimensional diagonal submatrices of A, B, and C with indices in the graviton set h. When we consider MHV amplitudes with two negative helicity particles, (as shown in the previous section) all other solutions make the reduced Pfaffian Pf ′ (Ψ) in (3.1) vanish. Thus we only need to substitute the special solution {σ a } into (3.1). According to which two particles take negative helicity, we have three different cases:
(g − g − ) amplitudes We choose the polarization ε to be: ε µ a (+) = q|γ µ |a]/( √ 2 qa ) with a ∈ h. With this particular choice, all the reference vectors in ε are the same and all entries in the B h block of (3.2) should vanish. The Pffafian Pf (Ψ h ) is then given by Pf (Ψ h ) = (−1) s(s+1)/2 det(C h ) . After plugging the special solution {σ a } into the above Pfaffian as well as the Parke-Taylor like factor, we arrive
in which φ h is the s × s diagonal submatrix of the Hodges matrix (2.6) with all gluons rows and columns removed. Putting the first equation in (2.5) and (3.3) together, we finally get the following expression of (g − g − ) amplitudes
Suppose h i is the negative helicity graviton, we choose gauge as
which again makes all the entries of B h block in (3.2) vanish. In addition, entries in the i-th column of C h , except for the diagonal element C ii , are also zero. By substituting the special solution {σ a } into the Pfaffian Pf (Ψ h ) and the Parke-Taylor like factor, we get the final expression of this amplitude
(h − h − ) amplitudes with two negative helicity gravitons h i and h j , we choose gauge as
By plugging the special solution and applying elementary transformations, we prove that the Pfaffian Pf (Ψ h ) has to vanish. This result can be generalized: If gluons have the same helicity, we always have Pf (Ψ h ) = 0. This agrees with the conjectured result in [7] . 
Summary and comments
Another formula (SBDW) for tree-level single-trace EYM MHV amplitudes is proposed in [7] :
where ψ ab = φ ab bξ bη /( aξ aη ). Here h + is the complement of h + in p = {1, 2, . . . , n}. In fact the two formulas (3.8) and (3.9) are equivalent with each other. This equivalence are proved by developing the following new spanning forest theorem [11] 
Here we summed over all possible forests F ∈ F h + (K n ). Each K n is a weighed complete graph with vertices {v 1 , . . . , v n } and weight ψ ab is assigned to the edge v a v b . F h + (K n ) means that we only consider those forests K n rooted on the vertices assigned by h + . All diagrams are assumed to be directed away from the roots. On the other hand, as proved in [13] , (−1) |h + | det(φ h + ) produces the same graphical rule. Thus the two formulas (3.8) and (3.9) precisely match with each other.
Characterization of solutions of scattering equations
To study amplitudes beyond MHV by direct evaluation of the integrated CHY formula, we need more information about other solutions of scattering equations. Inspired by the direct evaluation of CHY formula, we propose a rank characterization of solutions of scattering equations [12] 3 . Particularly, we define the following discriminant matrices C ± , and prove that only those solutions in the subset labeled by rank(C − ) = k + 1 support the N k MHV amplitudes. Solutions characterized by this method are shown to have an Eulerian number pattern [12] , which was also observed and understood in other ways [14] . A consequent result of this characterization is that if the gluons in the tree-level single-trace EYM amplitudes have the same helicity, the amplitudes must vanish identically [12] .
